Conjugacy separability and outer automorphism groups of certain HNN extensions  by Wong, K.B. & Wong, P.C.
Journal of Algebra 334 (2011) 74–83Contents lists available at ScienceDirect
Journal of Algebra
www.elsevier.com/locate/jalgebra
Conjugacy separability and outer automorphism groups of
certain HNN extensions
K.B. Wong ∗, P.C. Wong
Institute of Mathematical Sciences, University of Malaya, 50603 Kuala Lumpur, Malaysia
a r t i c l e i n f o a b s t r a c t
Article history:
Received 4 February 2010
Communicated by E.I. Khukhro
MSC:
primary 20E26, 20F28, 20E06
secondary 20F18
Keywords:
Outer automorphisms
Residual ﬁnite
Conjugacy separable
HNN extensions
Polycyclic-by-ﬁnite groups
In this note we ﬁrst establish a criterion for the conjugacy separa-
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extensions. Then we prove that the outer automorphism groups of
these HNN extensions are residually ﬁnite if the HNN extensions
themselves are residually ﬁnite.
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1. Introduction
In [4], G. Baumslag proved that if a ﬁnitely generated group is residually ﬁnite then its auto-
morphism group is also residually ﬁnite. On the other hand the residual ﬁniteness of the outer
automorphism groups of ﬁnitely generated groups is not much known even if these groups are resid-
ually ﬁnite. Indeed D. Wise [20] has given an example of a ﬁnitely generated residually ﬁnite group
whose outer automorphism group is not residually ﬁnite.
Grossman [12] initiated the study of the residual ﬁniteness of the outer automorphism groups of
residually ﬁnite groups by proving that if a ﬁnitely generated group is conjugacy separable and every
conjugating automorphism is also an inner automorphism then its outer automorphism group is resid-
ually ﬁnite. In that paper [12] Grossman showed that the outer automorphism groups of free groups
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the mapping class groups of closed orientable surfaces are residually ﬁnite.
Recently, Allenby, Kim, Tang, Chai and Choi in several papers [1,2,7,13,16], have made important
contributions to the study of the residual ﬁniteness of outer automorphism groups of various groups.
In [1], Allenby, Kim and Tang improved on Grossman’s results by proving that the outer automorphism
groups of generalized free products of two free groups amalgamating a maximal cyclic subgroup are
residually ﬁnite. From this, the outer automorphism groups of certain pinched one-relator groups
and the mapping class groups of both the closed orientable and nonorientable surfaces are residually
ﬁnite. In [2], they showed that the outer automorphism groups of ﬁnitely generated Fuchsian groups
are residually ﬁnite. More recently Kim in [13], proved that the outer automorphism groups of the
polygonal products of four polycyclic-by-ﬁnite groups amalgamating central subgroups with trivial
intersection are residually ﬁnite. Very recently Kim and Tang [16] proved that the outer automorphism
groups of tree products of ﬁnitely generated free groups amalgamating maximal cyclic subgroups and
the outer automorphism groups of polygonal products of ﬁnitely generated central subgroup separable
groups amalgamating central subgroups with trivial intersection are residually ﬁnite. As a consequence
outer automorphism groups of polygonal products of ﬁnitely generated abelian groups amalgamating
trivial intersecting subgroups are residually ﬁnite. Again very recently Chai, Choi, Kim and Tang [7]
showed that the outer automorphism groups of certain tree products of abelian groups and Brauner’s
groups are residually ﬁnite. In [23], Wong and Wong proved that the outer automorphism groups
of certain tree products of polycyclic-by-ﬁnite groups amalgamating central subgroups with trivial
intersection are residually ﬁnite.
In this note we study the conjugacy separability of HNN extensions of polycyclic-by-ﬁnite groups
with central associated subgroups and the residual ﬁniteness of the outer automorphism groups of
these HNN extensions. In Section 3, we ﬁrst establish a criterion for the conjugacy separability of these
HNN extensions (Theorem 3.3). Then we prove the equivalence of residually ﬁniteness and conjugacy
separability in these HNN extensions (Theorem 3.4). This extends the result of Raptis, Talelli and
Varsos [18, Theorem A]. In Section 5, we show that every conjugating endomorphism for these HNN
extensions is also an inner automorphism (Theorem 5.1). By applying Grossman’s result [12] we show
that if these HNN extensions are residually ﬁnite then its outer automorphism groups are residually
ﬁnite (Theorem 5.2).
The notation used here is standard. In addition, the following will be used for any group G:
N  f G means N is a normal subgroup of ﬁnite index in G .
x ∼G y means x and y are conjugate in G .
{y}G = {g−1 yg; g ∈ G} denotes the conjugacy class of y in G .
G = 〈t, A; t−1Ht = K ,ϕ〉 shall denote an HNN extension where A is the base group, H, K are the
associated subgroups and ϕ is the associated isomorphism ϕ : H −→ K .
‖g‖ denotes the length of the element g in G = 〈t, A; t−1Ht = K ,ϕ〉.
2. Conjugacy separability: Introduction and preliminaries
Grossman’s requirement [12] of conjugacy separability in her work on the outer automorphism
groups is rather strong as not many groups are known to have this property. Blackburn [6] ﬁrst
proved that the ﬁnitely generated nilpotent groups are conjugacy separable. Later Formanek [11] and
Remeslennikov [19] independently extended this result by proving that polycyclic-by-ﬁnite groups are
conjugacy separable. Dyer in [9] proved that free-by-ﬁnite groups are conjugacy separable. Fuchsian
groups are proved to be conjugacy separable by Fine and Rosenberger [10].
At present, the conjugacy separability of HNN extensions is diﬃcult to determine. Indeed one of
the simplest types of HNN extensions, the Baumslag–Solitar group, 〈h, t; t−1h2t = h3〉 is not even
residually ﬁnite (see [5]). However Kim and Tang had characterized the conjugacy separability of
HNN extensions of ﬁnitely generated abelian groups with cyclic associated subgroups in [14] and they
gave a criterion for the conjugacy separability in HNN extensions with cyclic associated subgroups
in [15]. More recently Raptis, Talelli and Varsos in [18] proved the equivalence of residual ﬁniteness
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For completeness we state the following deﬁnitions.
Deﬁnition 2.1. A group G is called H-separable for the subgroup H if for each x ∈ G \ H , there exists
N  f G such that x /∈ HN .
Equivalently, G is H-separable if
⋂
N f G NH = H .
Deﬁnition 2.2. A group G is said to be conjugacy separable if for each pair of elements x, y ∈ G such
that x and y are not conjugate in G , there exists N  f G , such that Nx and Ny are not conjugate in
G/N .
Equivalently, G is conjugacy separable if for each pair x, y ∈ G and x /∈ {y}G , there exists N  f G
such that x /∈ {y}GN .
Deﬁnition 2.3. A group G is said to be residually ﬁnite if for each element x ∈ G such that x 
= 1, there
exists N  f G , such that Nx 
= N in G/N .
Equivalently, G is residually ﬁnite if for each element x ∈ G such that x 
= 1, there exists N  f G
such that x /∈ N .
It is clear from the deﬁnitions that conjugacy separability implies residual ﬁniteness. We shall need
the following deﬁnitions and theorem.
Deﬁnition 2.4. (See p. 181 of [17].) Let G = 〈t, A; t−1Ht = K ,ϕ〉 be an HNN extension. A word w =
w0t1w1t2w2 . . . tn wn (n  0), where wi ∈ A and i = ±1 for all i, is said to be reduced if there is
no j for which
(a)  j+1 = − j = 1 and w j ∈ H , or
(b)  j+1 = − j = −1 and w j ∈ K .
Deﬁnition 2.5. (See p. 185 of [17].) Let G = 〈t, A; t−1Ht = K ,ϕ〉 be an HNN extension. A word w =
w0t1w1t2w2 . . . tn (n 0), where wi ∈ A and i = ±1 for all i, is said to be cyclically reduced if all
cyclic permutations of w are reduced.
It is not hard to see that every element in G is conjugate to a cyclically reduced element. The
following theorem will be used throughout this note.
Theorem 2.6. (See [8].) Let G = 〈t, A; t−1Ht = K ,ϕ〉 be an HNN extension. Suppose x, y ∈ G and x, y are
cyclically reduced. If x ∼G y, then ‖x‖ = ‖y‖ and one of the following holds:
(a) ‖x‖ = ‖y‖ = 0 and there exists a ﬁnite sequence z1, z2, . . . , zn of elements in H ∪ K such that x ∼A
z1 ∼A,t∗ z2 ∼A,t∗∼ · · · ∼A,t∗ zn ∼A y where u ∼A,t∗ v means one of : (u ∼A v) or (u ∈ H and v =
t−1ut ∈ K ) or (u ∈ K and v = tut−1 ∈ H).
(b) ‖x‖ = ‖y‖ = n  1 and x = c−1 y∗c where y∗ is a cyclic permutation of y and c ∈ X with X = H if
n = −1 and X = K if n = 1, where n is the power of t in the last term of x expressed in cyclically
reduced form, x = x0t1 . . . xn−1tn . 
3. Conjugacy separability: The proofs
In this section we shall show the equivalence of residual ﬁniteness and conjugacy separability in
HNN extensions of polycyclic-by-ﬁnite groups with central associated subgroups. This is done in The-
orem 3.4. This result extends the result of Raptis, Talelli and Varsos [18, Theorem A]. From this, we
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sions to be conjugacy separable in Theorem 3.5. In order to prove the above results we ﬁrst prove
Theorem 3.3. The following lemma is obvious but we shall give a proof for expository purposes.
Lemma 3.1. Let A be a group and H, K be subgroups of A. If H 
= A 
= K then A 
= H ∪ K .
Proof. Suppose A = H ∪ K . If H ⊆ K then K = A, a contradiction. Therefore there exists an element
h ∈ H \ K . Now let k ∈ K . Then hk ∈ A = H ∪ K . Furthermore hk /∈ K for otherwise h ∈ K , a contradic-
tion. So hk ∈ H and k ∈ H . Therefore K ⊆ H . But then A = H , a contradiction. Hence A 
= H ∪ K . 
Remark. Let G = 〈t, A; t−1Ht = K ,ϕ〉 be an HNN extension. Suppose that H 
= A 
= K and H is strictly
contained in K . Then for an element a ∈ A \ (HK = K ) the group Ga = 〈t, Q ; t−1Ht = K ,ϕ〉, where
Q is the subgroup generated by a and HK , is not residually ﬁnite (see [3, Theorem]). Indeed, if H
is strictly contained in K , then the group D in [3] is the isolator closure of K , which we denote
by K . Therefore if we suppose that Ga is residually ﬁnite, then, since H and K are proper subgroups
of Q , there will be a subgroup N of ﬁnite index in K (the subgroup H there) such that ϕ(N) = N ,
which implies that H/N and K/N are isomorphic, a contradiction, because they are ﬁnite and one is
a proper subgroup of the other. Hence we shall restrict to the following subgroup of G
R = 〈t, HK ; t−1Ht = K ,ϕ〉,
and assume that H  K and K  H .
Lemma 3.2. Let G = 〈t, A; t−1Ht = K ,ϕ〉 be an HNN extension where H and K are ﬁnitely generated sub-
groups in the center of A and H 
= A 
= K . If R = 〈t, HK ; t−1Ht = K ,ϕ〉 is residually ﬁnite, H  K and K  H,
then there exists a set of subgroups {Tn; n ∈ N} in HK such that the following hold:
(a) ϕ(Tn ∩ H) = Tn ∩ K and HTn/Tn, K Tn/Tn are ﬁnite for each n ∈ N.
(b) If r1 is a multiple of r2 , then Tr1 ⊆ Tr2 .
(c) For each S  f HK , there exists a p ∈ N such that T p ⊆ S.
(d)
⋂
n TnW = W for every subgroup, W in A.
Proof. First we note that HK is a ﬁnitely generated subgroup in the center of A, and H 
= HK 
= K .
Set Q = HK .
(a) Let iQ (H) = {b ∈ Q ; bn ∈ H for some positive integer n}. Then iQ (H) is a group and H is of
ﬁnite index in iQ (H). Similarly let iQ (K ) = {b ∈ Q ; bn ∈ K for some positive integer n}. Then iQ (K )
is a group and K has ﬁnite index in iQ (K ). Next we show that there exists N1  f R such that N1 ∩
iQ (H) = N1∩H and N1∩ iQ (K ) = N1∩K . Let {c1 = 1, c2, . . . , cr} and {d1 = 1,d2, . . . ,ds} be a complete
sets of coset representatives of H in iQ (H) and K in iQ (K ) respectively. By Theorem 2.3 of [22],
R is H-separable and K -separable. Therefore there exists N1  f R such that ci /∈ N1H for 2  i  r
and d j /∈ N1K for 2  j  s. We claim that N1 ∩ iQ (H) = N1 ∩ H and N1 ∩ iQ (K ) = N1 ∩ K . Clearly
N1 ∩ H ⊆ N1 ∩ iQ (H). Let y ∈ N1 ∩ iQ (H). If y /∈ H we would have y = cih for some i  2 and h ∈ H .
But then ci ∈ N1H , a contradiction. Thus N1 ∩ iQ (H) ⊆ N1 ∩ H and N1 ∩ iQ (H) = N1 ∩ H . Similarly we
can show that N1 ∩ iQ (K ) = N1 ∩ K .
Let M = N1 ∩ Q . Then M  f Q and ϕ(M ∩ H) = t−1(N1 ∩ H)t = N1 ∩ K = M ∩ K (for N1  f R and so
t−1N1t = N1). We claim Mn ∩ H = (M ∩ H)n and Mn ∩ K = (M ∩ K )n for all n ∈ N. Clearly (M ∩ H)n ⊆
Mn ∩ H . Let y ∈ Mn ∩ H . Then y = mn for some m ∈ M ⊆ N1 ∩ Q . This implies that m ∈ iQ (H) and
that m ∈ N1 ∩ iQ (H) = N1 ∩ H . Thus y ∈ (M ∩ H)n . The case Mn ∩ K = (M ∩ K )n is proved similarly.
Furthermore ϕ(Mn ∩ H) = ϕ(M ∩ H)n = (M ∩ K )n = Mn ∩ K and H/(Mn ∩ H), K/(Mn ∩ K ) are ﬁnite.
Let Tn = Mn . Then Tn ∩ H = Mn ∩ H , Tn ∩ K = Mn ∩ K and ϕ(Tn ∩ H) = Tn ∩ K . Furthermore
HTn/Tn ∼= H/(H ∩ Tn) = H/(Mn ∩ H) and K Tn/Tn ∼= K/(K ∩ Tn) = K/(Mn ∩ K ) are ﬁnite.
(b) If r1 is a multiple of r2 then Tr1 = Mr1 ∩ HK ⊆ Mr2 ∩ HK = Tr2 .
(c) Let S  f HK = Q . Then Mp ⊆ S for some p  1 and hence T p ⊆ S .
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⋂
n TnW = W . Clearly W ⊆
⋂
n TnW . Let x ∈⋂
n TnW . Then x = v1w for some v1 ∈ T1,w ∈ W . Suppose v1 /∈ W ∩ Q . Since Q is ﬁnitely gen-
erated abelian, there exists N  f Q such that v1 /∈ (W ∩ Q )N . Now by part (c) of this lemma, there
exists a p  1 such that T p ⊆ N . Since x ∈ T pW then x = vpw ′ for some vp ∈ T p , w ′ ∈ W . This
implies that v−1p v1 = w ′w−1 ∈ W ∩ Q , that is, v1 ∈ (W ∩ Q )T p ⊆ (W ∩ Q )N , a contradiction. Thus
v1 ∈ W ∩ Q and so x ∈ W and ⋂n TnW = W .
The proof of the lemma is complete. 
Remark. Note that the subgroups Tn in Lemma 3.2 are, in fact, the subgroups constructed in [18,
Proposition 1.1 in the direction (ii) ⇒ (iii)] intersected by HK . The interested reader may want to
compare Lemma 3.2 with [18, Proposition 1.1].
We now prove the criterion for conjugacy separability.
Theorem 3.3. Let G = 〈t, A; t−1Ht = K ,ϕ〉 be an HNN extension where H and K are ﬁnitely generated
subgroups in the center of A and H 
= A 
= K . Suppose A/D is conjugacy separable for every subgroup D of
HK . If R = 〈t, HK ; t−1Ht = K ,ϕ〉 is residually ﬁnite, H  K and K  H, then G is conjugacy separable.
Proof. First note that R is conjugacy separable (see [18, Theorem A]).
Let x, y ∈ G and x /∈ {y}G . It is suﬃcient to ﬁnd an image Gp of G such that Gp is conjugacy
separable and x /∈ {y}Gp . We may assume x and y are of minimal length in {x}G and {y}G respectively.
Note that the conclusions of Lemma 3.2 hold.
We now proceed by dividing the proof into various cases according to the length ‖x‖ and ‖y‖ of
x and y respectively.
Case 1. x, y ∈ HK . Clearly x /∈ {y}R . Since R is conjugacy separable, there exists N  f R such that
x /∈ {y}RN . Note that (N ∩ HK )  f HK . By part (c) of Lemma 3.2, there exists T p with p  1, such
that T p ⊆ (N ∩ HK ). Let Gp = 〈t, A; t−1Ht = K ,ϕ〉 where A = A/T p , H = HTp/T p and K = K Tp/T p .
Suppose that x ∈ {y}Gp . Since HK is in the center of A, then by Theorem 2.6, we have x = t−r ytr for
some integer r. On the other hand, R = 〈t, HK ; t−1Ht = K ,ϕ〉 where HK = HK/T p , is a subgroup of
Gp and x = t−r ytr ∈ R . Since T p ⊆ N and N  f R , we deduce that x−1t−r ytr ∈ N . But then x ∈ {y}RN ,
which contradicts the choice of N . Hence x /∈ {y}Gp . By the hypothesis of this theorem, A is conjugacy
separable. Since H and K are ﬁnite (part (a) of Lemma 3.2), by Theorem 13 of [9], Gp is conjugacy
separable and we are done.
Case 2. x ∈ A \ HK and y ∈ A, or y ∈ A \ HK and x ∈ A. We shall only show the case x ∈ A \ HK
and y ∈ A. Since A is conjugacy separable, there exists MA  f A such that x /∈ {y}AMA . Note that
(MA ∩ HK )  f HK . By Lemma 3.2, there exists T p with p  1, such that T p ⊆ (MA ∩ HK ) and x /∈
T pHK .
Let Gp be as in Case 1. Suppose that x ∈ {y}Gp . Since x /∈ HK , then by Theorem 2.6, we have
x ∼A y. This implies that x ∈ {y}AT p ⊆ {y}AMA , a contradiction. Hence x /∈ {y}Gp . As in Case 1, Gp is
conjugacy separable and we are done.
Case 3. ‖x‖ 
= ‖y‖. Since x, y are elements of minimal length in {x}G , {y}G respectively, x, y are
cyclically reduced. Let x = x0t1x1t2 . . . xn−1tn and y = y0t′1 y1t′2 . . . ym−1t′m where xi, y j ∈ A, i =
±1, ′j = ±1 for all i, j and n 
=m be cyclically reduced. By parts (b) and (d) of Lemma 3.2, we deduce
that there exists T p with p  1, so that xi, y j /∈ T pH for xi, y j /∈ H and xi, y j /∈ T p K for xi, y j /∈ K
(compare this with [18, Corollary 1.2]).
Let Gp be as in Case 1. Then in Gp , x, y are cyclically reduced and ‖x‖ = n, ‖y‖ =m. Furthermore
x /∈ {y}Gp by Theorem 2.6. As in Case 1, Gp is conjugacy separable and we are done.
Case 4. ‖x‖ = ‖y‖ = n  1. Let x = x0t1x1t2 . . . xn−1tn and y = y0t′1 y1t′2 . . . yn−1t′n where
xi, y j ∈ A, i = ±1, ′j = ±1 for all i, j be cyclically reduced. By parts (b) and (d) of Lemma 3.2,
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for xi, y j /∈ K . The p1 will be ﬁxed throughout Case 4.
Note that by Theorem 2.6, x ∈ {y}G if and only if x ∈ {y( j)}X for some 0 j  n − 1 where y( j) =
y jt j+1 y j+1 . . . tn+ j−1 yn+ j−1tn+ j and the subscripts are taken modulo n and X = H if n = −1 and
X = K if n = 1. Let j be ﬁxed.
Claim.We claim that if x /∈ {y( j)}X , then there exists N j  f G such that x /∈ {y( j)}X N j .
Proof. For simplicity, we shall only show the case j = 0, that is y( j) = y(0) = y.
Suppose i 
= ′i for some 1  i  n. Let Gp1 be as in Case 1. Then by our choice of p1, x, y
are cyclically reduced in Gp1 and ‖x‖ = n = ‖y‖. Note that x /∈ {y}X , for i 
= ′i . Since {y}X is ﬁnite
and Gp1 is conjugacy separable by Theorem 13 of [9] (thus Gp1 is residually ﬁnite), there exists an
N0  f G p1 such that x /∈ {y}X N0. Let N0 be the preimage of N0. Then x /∈ {y}X N0.
We now assume that i = ′i for all 1  i  n. In this case x ∈ {y}X if and only if the following
system of equations (1) holds:
x0 = v−1n y0u1,
x1 = v−11 y1u2,
...
xn−2 = v−1n−2 yn−2un−1,
xn−1 = v−1n−1 yn−1un (1)
where ui ∈ H , vi ∈ K if i = 1 or ui ∈ K , vi ∈ H if i = −1 and vi = t−i uiti for i = 1, . . . ,n.
For ease of exposition let Ui = H if i = 1 or Ui = K if i = −1 and Vi = t−i U iti for i = 1, . . . ,n
and V0 = Vn . By using this notation, ui ∈ Ui , vi ∈ Vi and X = Vn . So we can write x /∈ {y}Vn .
Since x /∈ {y}Vn , then from (1), either xi /∈ Vi yiUi+1 for some 0 i  n − 1 or xi ∈ Vi yiUi+1 for all
0 i  n − 1 but x 
= v−1 yv for all v ∈ Vn . In both of these cases we will construct a group Gp such
that x /∈ {y}V n .
Subcase 1. Suppose that xi /∈ Vi yiUi+1 for some 0 i  n− 1. This implies that y−1i xi /∈ ViUi+1. Since
ViUi+1 = H or K or HK , we have ViUi+1  A. By part (d) of Lemma 3.2, there exists T p2 with p2  1,
so that y−1i xi /∈ ViUi+1T p2 . Hence xi /∈ Vi yiUi+1T p2 . Let p = p1p2 and Gp be as in Case 1. Then by
part (b) Lemma 3.2 again, T p ⊆ T p1 ∩ T p2 , so xi /∈ V i yiU i+1 in Gp and hence x /∈ {y}V n .
Subcase 2. Suppose xi ∈ Vi yiUi+1 for all 0 i  n − 1 but x 
= v−1 yv for all v ∈ Vn . This implies that
y−1i xi ∈ ViUi+1 ⊆ HK for all 0  i  n − 1. Without loss of generality, we may assume n = 2, and
either 1 = 2 = 1, or 1 = −2 = −1.
Now x = x0t1x1t2 and y = y0t1 y1t2 . Let x′ = c0t1c1t2 and y′ = t1+2 where ci = y−1i xi . Then
x′, y′ ∈ R . Now we show that x′ /∈ {y′}R .
Suppose 1 = −2 = −1. Then y′ = 1. If x′ ∈ {y′}R , then t−1 y−11 x1t = t−1c1t = c−10 = x−10 y0, and
one can easily deduce that x = x0t−1x1t = y0t−1 y1t = y, a contradiction. Thus x′ /∈ {y′}R .
Suppose 1 = 2 = 1. Then y′ = t2 and x′ = c0tc1t are cyclically reduced. Suppose x′ ∈ {y′}R . Then
x′ ∈ {y′∗}V2 for some cyclic permutation y′∗ of y′ (Theorem 2.6). But y′∗ = y′ for all cyclic permuta-
tions y′∗ of y′ . Therefore the following system of equations (2) holds:
c0 = s−12 r1,
c1 = s−11 r2 (2)
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tuting ci = y−1i xi into the system of equations (2) we obtain the system of equations (3) below.
x0 = s−12 y0r1,
x1 = s−11 y1r2. (3)
But this means x ∈ {y}V2 , a contradiction. Thus x′ /∈ {y′}R .
In either cases (1 = 2 = 1, or 1 = −2 = −1), we have x′ /∈ {y′}R .
Since R is conjugacy separable, there exists N  f R such that x′ /∈ {y′}RN . By part (c) of Lemma 3.2,
there exists T p2 with p2  1, so that T p2 ⊆ N ∩ HK . Let p = p1p2 and Gp , R be as in Case 1. Then
by part (b) of Lemma 3.2, T p ⊆ T p1 ∩ T p2 . Since T p ⊆ Na , we deduce that x′ /∈ {y′}R , and in particular
x′ /∈ {y′}V 2 .
We claim that x /∈ {y}V 2 . Suppose not. Since x = x0t−1x1t and y = y0t−1 y1t are cyclically reduced
(by the choice of p1), the following system of equations (4) holds:
x0 = q−12 y0w1,
x1 = q−11 y1w2 (4)
where wi ∈ U i , qi ∈ V i and qi = t−i witi .
Since qi , wi are in the center of A and by substituting ci = y−1i xi into the system of equations (4)
and multiplying by a, we obtain the system of equations (5) below.
c0 = q−12 w1,
c1 = q−11 w2. (5)
But this means x′ ∈ {y′}V 2 , a contradiction. Thus x /∈ {y}V 2 .
So in both of the subcases above, we have constructed a group Gp such that x /∈ {y}V n .
Recall that Vn = X . Since {y}X is ﬁnite and Gp is conjugacy separable by Theorem 13 of [8] (and
thus Gp is residually ﬁnite), there exists N0  f G p such that x /∈ {y}X N0. Let N0 be the preimage of
N0 in G . Then x /∈ {y}X N0. The proof of the Claim is complete. 
Continuation of the proof of Case 4. By the Claim, for each j, there exists N j  f G such that x /∈
{y( j)}X N j for all j. Let N = ⋂ j N j . Note that (N ∩ HK )  f HK . By part (c) of Lemma 3.2, there exists
T p2 with p2  1, such T p2 ⊆ (N ∩ HK ). Let p = p1p2 and Gp be as in Case 1. Then T p ⊆ T p1 ∩ T p2
(part (b) of Lemma 3.2). By the choice of p, x, y are cyclically reduced, ‖x‖ = ‖y‖ = n and x /∈ {y}Gp .
As in Case 1, Gp is conjugacy separable and we are done.
The proof of this theorem is now complete. 
We now apply Theorem 3.3 to polycyclic-by-ﬁnite groups.
Theorem 3.4. Let G = 〈t, A; t−1Ht = K ,ϕ〉 be an HNN extension where A is a polycyclic-by-ﬁnite group.
Suppose H and K are subgroups in the center of A and H 
= A 
= K . Then G is conjugacy separable if and only
if G is residually ﬁnite.
Proof. First note that the center of A is ﬁnitely generated. So H and K are ﬁnitely generated as
subgroups of ﬁnitely generated abelian groups.
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By the remark before Lemma 3.2, we may assume that H is not strictly contained in K and vice versa.
If H = K , then by Corollary 4.1 of [21], G is conjugacy separable. So we may assume that H  K and
K  H . This implies that H 
= HK 
= K .
Now R = 〈t, HK ; t−1Ht = K ,ϕ〉 is residually ﬁnite, for R being a subgroup of G . Note that every
quotient group of a polycyclic-by-ﬁnite group is polycyclic-by-ﬁnite, and polycyclic-by-ﬁnite group is
conjugacy separable (see Formanek [11], Remeslennikov [19]). Therefore A/D is conjugacy separable
for every subgroup D of HK . Hence by Theorem 3.3, G is conjugacy separable. 
Note that Theorem 3.4 generalizes Theorem A of [18]. Now by Theorem 3.3 of [22] and Theo-
rem 3.4, we have the following characterization.
Theorem 3.5. Let G = 〈t, A; t−1Ht = K ,ϕ〉 be an HNN extension where A is a polycyclic-by-ﬁnite group.
Suppose H and K are subgroups in the center of A and H 
= A 
= K . Then G is conjugacy separable if and only
if one of the following holds:
(a) H = K ;
(b) H  K , K  H and there exists a torsion free normal subgroup N  f HK such that ϕ(N ∩ H) = N ∩ K
and N ∩ K , N ∩ H are isolated in N.
4. Outer automorphism groups: Preliminaries
For this and the next section on outer automorphism groups, the following notations will be used
for any group G:
If u ∈ G , then ρu shall denote the inner automorphism where ρu(g) = u−1gu for all g ∈ G .
Aut(G) and Inn(G) denote the automorphism group and inner automorphism group of G respec-
tively.
Out(G) denotes the outer automorphism group, Aut(G)/Inn(G), of G .
We now state the following deﬁnitions and theorem.
Deﬁnition 4.1. Let G be a group. A conjugating endomorphism/automorphism, α, of G is an endo-
morphism/automorphism such that for each g ∈ G , there exists a wg ∈ G depending on g such that
α(g) = w−1g gwg .
Deﬁnition 4.2. (See Grossman [12].) A group G is said to have property A if each conjugating auto-
morphism of G is an inner automorphism of G .
Theorem 4.3. (See Grossman [12].) Let G be ﬁnitely generated, conjugacy separable and have property A.
Then Out(G) is residually ﬁnite.
Deﬁnition 4.4. (See p. 181 of [17].) Let G = 〈t, A; t−1Ht = K ,ϕ〉 be an HNN extension. A word w =
w0t1w1t2w2 . . . tn wn (n 0), where wi ∈ A and i = ±1 for all i, is said to be in normal form:
(a) if i = −1 then either wi = 1 or wi ∈ A \ H ,
(b) if i = 1 then either wi = 1 or wi ∈ A \ K ,
(c) if i+1 = −i then wi 
= 1.
Note that wi are representatives of H (or K ) in A.
Note that if a word is in normal form then it is reduced (see Deﬁnition 2.4).
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In this section we prove our main result on outer automorphism groups. We begin by proving
Theorem 5.1.
Theorem 5.1. Let G = 〈t, A; t−1Ht = K ,ϕ〉 be an HNN extension with H and K in the center of A and H 
=
A 
= K . Then every conjugating endomorphism of G is an inner automorphism.
Proof. Let α be a conjugating endomorphism of G . We choose and ﬁx an element a ∈ A \ H ∪ K (this
element exists by Lemma 3.1). Then α(a) = w−1a awa for some wa ∈ G . Let α1 = ρw−1a ◦ α (that is
α1(g) = ρw−1a (α(g)) for all g ∈ G). Then α1 is also a conjugating endomorphism of G and α1(a) = a.
Let z ∈ A \ (H ∪ K ) and α1(z) = w−1z zwz for some wz ∈ G . Then aw−1z zwz = α1(a)α1(z) = α1(az) ∈{az}G . By Theorem 2.6, we must have wz ∈ A (for aw−1z zwz being cyclically reduced as a, z ∈ A \H∪K
and H , K are in the center of A).
Let α1(t) = w−1t twt . We may choose wt so that w−1t twt is reduced. Now aw−1t twt = α1(a)α1(t) =
α1(at) ∈ {at}G . Again by Theorem 2.6, we must have wt ∈ A (for aw−1t twt being cyclically reduced).
Let α2 = ρw−1t ◦ α1. Then for each z ∈ A \ (H ∪ K ), α2(z) = c
−1
z zcz for some cz ∈ A and α2(t) = t .
Now we show that α2(z) = z for all z ∈ A \ (H ∪ K ). Suppose that A = H ∪ K ∪ z−1H ∪ z−1K . Then
either cz ∈ H ∪ K or cz ∈ z−1H ∪ z−1K . Since H and K are in the center of A, in both cases c−1z zcz = z,
i.e., α2(z) = z.
Suppose that A 
= H ∪ K ∪ z−1H ∪ z−1K . Let b ∈ A \ (H ∪ K ∪ z−1H ∪ z−1K ). Then zb ∈ A \ (H ∪ K ).
Note that c−1z zczt−1c−1b bcbt = α1(zt−1bt) ∈ {zt−1bt}G . By Theorem 2.6, we have
c−1z zcz = k−10 zk1, (6)
c−1b bcb = h−11 bh2, (7)
where k0,k1 ∈ K , h1,h2 ∈ H , tk1t−1 = h1 and t−1h2t = k0.
On the other hand, c−1z zczt−1c−1zb zbczbt = α1(zt−1zbt) ∈ {zt−1zbt}G . Again by Theorem 2.6, we have
c−1z zcz = u−10 zu1, (8)
c−1zb zbczb = v−11 zbv2, (9)
where u0,u1 ∈ K , v1, v2 ∈ H , tu1t−1 = v1 and t−1v2t = u0.
Note that c−1zb zbczb = α1(zb) = α1(z)α1(b) = c−1z zczc−1b bcb . Substituting from (6), (7) and (9), we
obtain v−11 zbv2 = k−10 zk1h−11 bh2. This implies that v−11 v2 = k−10 k1h−11 h2 since H and K are in the
center of A. Next from (6) and (8), we obtain k−10 zk1 = u−10 zu1 and hence k−10 k1 = u−10 u1. Furthermore
h−11 h2 = tk−11 k0t−1 and v−11 v2 = tu−11 u0t−1. All these imply that h−11 h2 = tk−11 k0t−1 = tu−11 u0t−1 =
v−11 v2 = k−10 k1h−11 h2. Hence k−10 k1 = 1, that is, k0 = k1. Therefore c−1z zcz = k−10 zk1 = z, i.e., α2(z) = z.
It remains to show that α2 is indeed the identity mapping by showing that α2(z) = z for all
z ∈ H ∪ K .
Suppose z ∈ H ∩ K . Recall that a ∈ A \ (H ∪ K ). Therefore az ∈ A \ (H ∪ K ). Furthermore α2(az) = az
and α2(a) = a. On the other hand α2(az) = α2(a)α2(z). Hence α2(z) = z.
Suppose z ∈ H \ K . Let t−1zt = k ∈ K . If α2(k) = k, then t−1α2(z)t = α2(t−1zt) = α2(k) = k = t−1zt .
Thus α2(z) = z. Suppose α2(k) 
= k (we will show that this cannot happen). If k ∈ H , then α2(k) = k
(for k ∈ H ∩ K , see the previous paragraph). So we may further assume k /∈ H . Note that α2(z) =
w−1z zwz and α2(k) = w−1k kwk for some wz,wk ∈ G . We may choose wz , wk so that w−1z zwz and
w−1k kwk are reduced. If wk ∈ A, then α2(k) = k (for K being in the center of A), a contradiction. So
wk /∈ A. Note that zk ∈ A \ (H ∪ K ). So zk = α2(zk) = α2(z)α2(k) = w−1z zwzw−1k kwk . Let w ′ = wzw−1k .
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we conclude that zk ∈ H ∪ K , a contradiction.
Hence the proof of Theorem 5.1 is complete. 
Theorem 5.2. Let G = 〈t, A; t−1Ht = K ,ϕ〉 be an HNN extension where A is a polycyclic-by-ﬁnite group.
Suppose H and K are subgroups in the center of A and H 
= A 
= K . If G is residually ﬁnite then Out(G) is
residually ﬁnite.
Proof. Note that G is ﬁnitely generated. Since G is residually ﬁnite, by Theorem 3.4, G is conjugacy
separable. By Theorem 5.1, G has property A. Hence by Theorem 4.3, Out(G) is residually ﬁnite. 
The next theorem follows immediately from Theorem 3.5 and Theorem 5.2.
Theorem 5.3. Let G = 〈t, A; t−1Ht = K ,ϕ〉 be an HNN extension where A is a polycyclic-by-ﬁnite group.
Suppose H and K are subgroups in the center of A and H 
= A 
= K . Then Out(G) is residually ﬁnite if one of
the following holds:
(a) H = K ;
(b) H  K , K  H and there exists a torsion free normal subgroup N  f HK such that ϕ(N ∩ H) = N ∩ K
and N ∩ K , N ∩ H are isolated in N. 
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